Abstract. In this paper we present a deterministic Cantor-type construction of linear fractal Salem sets with prescribed dimension. The construction rests on a paper of Kaufman 10] where he investigated the Fourier dimension of the set of -well approximable numbers in R.
Introduction
In metric Diophantine approximation, sets with fractal Hausdor dimension occur often. As an example we recall the well-known theorem of Jarnik 7] and Besicovitch 1] , which states that for > 0 the set E( ) of -well approximable numbers in R has Hausdor dimension dim H (E( )) = 2=(2 + ). In later years various authors generalized this theorem in many directions (see Dodson 4] ). In 1981 Kaufman 10] proved that E( ) carries a probability measure with compact support whose Fourier transform is of order (x) = o (log jxj) jxj ?1=(2+ ) (jxj ! 1):
By a well-known theorem of Frostman (c.f. Mattila 11] ) this implies the lower bound in the theorem of Jarnik and Besicovitch. 
The dimension of a Salem set means its Fourier resp. Hausdor dimension. The theorem of Frostman already mentioned implies that the Fourier dimension of compact sets is majorized by their Hausdor dimension. In certain random constructions the occurence of fractal Salem sets seems to be natural (c.f. Kahane and Mandelbrot 9], Kahane 8] , Chapters 17-18, Salem 12], and 3]), but Kaufman's work mentioned above is the only deterministic construction of a Salem set of prescribed dimension known to the author. However, his account is by no means easy to follow. In this paper we have tried by modifying his construction and casting it in a more geometric form to produce an easier deterministic construction of linear Salem sets with prescribed dimension. This work is an extended version of chapter 2 in the author's dissertation 2].
Cantor-type constructions
First of all we need some notation. For x 2 R kxk := min m2Z jx ? mj describes the distance from x to the nearest integer. The set of prime numbers will be denoted by P, and we set (1) Therefore, the set S is compact. We assume the following condition 2.1 on (M k ) k2N to be ful lled throughout the paper. Before formulating it we should recall the prime number theorem in the following form (Hardy & Wright 6] (22.19.3)):
where #A denotes the number of elements of a nite set A. Therefore, if M 1 is large enough we are able to nd a sequence (M k ) k2N ful lling Condition 2.1 Let M 1 2 N be large enough that
We are now in a position to state the following proposition. Proposition 2.2 S is a nonempty compact set in 0; 1] and has nite Hausdor measure for the measure function h(r) = r 2=(2+ ) log (e + r ?1 ).
Proof. For proving S 6 = ; it is su cient to observe that 0; 1 2 E p ( ) for every p 2 P M k and P M k 6 = ; for all k 2 N (2.1). For q 2 N the set E q ( ) can be covered by q + 1 intervals of length 2q ?2? . Once more applying the prime number theorem (2) it is straightforward to show that S has nite Hausdor measure for the measure function h(r) = r 2=(2+ ) log(e + r ?1 ). 2
As an immediate consequence we obtain dim F (S ) dim H (S ) 2=(2 + ). of -well-approximable numbers. As mentioned in the introduction, the Hausdor dimension of E( ) is 2=(2 + ), which was proved by Jarnik 7] and Besicovitch 1] . However, the set E( ) is dense in 0; 1] and therefore quite di erent from S .
Construction of
In 10] Kaufman constructed a positive measure with support in E( ) whose Fourier transform is of order (x) = o (log jxj) jxj ?1=(2+ ) (jxj ! 1):
In this section we construct a measure with a similar decay and support in S based on a certain sequence (M k ) k2N , which will be constructed recursively according to (the following) lemma 3. 
:
This implies the assertion of the proposition. 2
Roughly spoken, we are going to construct a measure with support in S by repeated multiplication of densities g M k where (M k ) k2N will be chosen recursively according to the following lemma. We introduce the function (x) := (1 + jxj) ?1=(2+ ) log (e + jxj) log log (e + jxj)
for the sake of a clearer presentation. Before proving the lemma we use it for the construction of an appropriate sequence (M k ) k2N and a corresponding measure carried by S .
We start with a function 0 : R + ! R + with the following properties: 
Now we choose 0 < < 
We assume S to be constructed according to (M k ) k2N . Now we build products:
Using lemma 3.2 we obtain for all k 2 N 0 and all x 2 R j 0
Denote by Therefore, S is a Salem set of dimension 2=(2 + ).
Proof. The claimed Fourier asymptotic of follows from (7) and a simple geometric series argument, also taking into account that^ p (x) = O (jxj ?2 ) for xed p. The second assertion follows from proposition 2.2, dim F (S ) dim H (S ), and proposition 3.1 (which implies that the support of is contained in S ). 2 4 Proof of lemma 3.2
Our task in this section is to prove lemma 3.2. To begin with, x M 2 N for a moment. Because of (5) and ja (M ) m j 1 we have jq M (k)j number of solutions of k = mp, where m 2 Z and p 2 P M . Because jkj has a unique factorization by prime numbers, we easily obtain jq M (k)j log jkj= log M (8) for all k 2 Znf0g. Additionally, by (4) and (5) 
for all k 2 Znf0g. We prove lemma 3.2 in three steps.
Step 1 9 The assertion of lemma 3.2 follows by choosing M 0 ( ; ) = M 2 .
Conclusions
The proof of lemma 3.2 shows that the construction of M 0 ( ; ) is explicit. Therefore, lemma 3.2 provides the recursive explicit construction of the sequence (M k ) k2N . By choosing an appropriate > 0 the method of this paper results in an explicit method for constructing linear (fractal) Salem sets with prescribed dimension in ]0; 1 .
It is possible to generalize the results of this paper in two directions. 
